In this work we exploit Jonquière's formula relating the Hurwitz zeta function to a linear combination of polylogarithmic functions in order to evaluate the real and imaginary part of ζ H (s, ia) and its first derivative with respect to the first argument s. In particular, we obtain expressions for the real and imaginary party of ζ H (s, ia) and its derivative for s = m with m ∈ Z\{1} involving simpler transcendental functions.
I. INTRODUCTION
The Hurwitz zeta function, which is a generalization of the Riemann zeta function, is defined for ℜ(s) > and can be analytically continued in a unique way to a meromorphic function in the entire complex plane possessing only a simple pole with residue 1 at the point s = 1. This higher transcendental function is, amongst others, of fundamental importance in a wide range of mathematical areas stemming from number theory to analysis [2] . In physics, its importance lies in the regularization procedures used in areas such as quantum field theory at zero and finite temperature, string theory, etc. (see e.g. [5, 11, 13, 21] ). The analytic continuation of the Hurwitz zeta function in the semi-plane ℜ(s) < 1 is a well known subject which can be found in a variety of classic texts on special functions. It is also worth mentioning that the first and higher derivatives of the Hurwitz zeta function have been analyzed in [9, 10, 12, 23] .
The relevance of the Hurwitz zeta function of imaginary second argument is related to the phenomenon, termed Schwinger mechanism, of pair production under the influence of a strong electric field [24] .
It was shown in [24] that the one-loop Lagrangian density for a massive field under the influence of an electric field in Minkowski spacetime becomes a meromorphic function with isolated simple poles located on the real axis. The effective action is then obtained by integrating the Lagrangian density and avoiding these poles. This procedure generates an imaginary part in the effective action which is interpreted as pair production rate. Let us point out that this procedure has been exploited on general manifolds without boundary to obtain the gravitational corrections to the Schwinger mechanism [3, 14, 15] .
By utilizing zeta function regularization techniques, it was shown in [4] that the one-loop effective action is expressed in terms of ζ H (s, ix) and ζ ′ H (s, ix) with the dimensionless constant x = m 2 /2|E| where m represents the mass of the field under consideration, |E| the strength of the electric field and the prime denotes differentiation with respect to the variable s. In particular, the rate of creation of pairs under the influence of a strong electric field on a D-dimensional Minkowski spacetime was explicitly computed and the results written in terms of the imaginary part of ζ H (s, ix) and ζ ′ H (s, ix) [4] . In [1] , by utilizing a formula regarding the analytic continuation of the first derivative of the Hurwitz zeta function of imaginary second argument, the authors were able to prove that the results obtained in [4] indeed coincide with the pair production rate obtained by Schwinger in [24] . However, in [1] , the results were limited to explicit expressions for the real part of ζ ′ H (s, ix) at even negative integers and its imaginary part at odd negative integers which are the relevant ones for the purpose of analyzing the pair production rate of massive spinor fields in 4-dimensional Minkowski spacetime.
The aim of this work is to extend the results obtained in [1] in order to include expressions for the real and imaginary part of the Hurwitz zeta function of imaginary second argument, and its derivative, for all integers m ∈ Z\{1}. These results could be immediately applied, for instance, to the computation of the pair production rate of massive bosons and spinors in higher dimensional Minkowski spacetimes.
In the rest of this work, we will be mainly interested in the range x ∈ (0, 1) which is the relevant one for the strong electric field regime, namely |E| ≫ m 2 .
The outline of the paper is as follows. We will utilize Jonquière's formula relating the Hurwitz zeta function ζ H (s, a) to a linear combination of polylogarithmic functions in order to extract the real and imaginary part of ζ H (s, ix). We will then find expressions for ζ H (s, ix) and its first derivative at s = −m, with m ∈ N 0 . In the second part of this work we will present formulas for ζ H (s, ix) and ζ ′ H (s, ix) valid for all positive integers s = m, with m ∈ N\{1}.
II. JONQUIÈRE'S REPRESENTATION OF THE HURWITZ ZETA FUNCTION
The starting point of our analysis is the following representation of the Hurwitz zeta function valid for
where Li s (w) represents the polylogarithmic function and Γ(s) the Euler gamma function. For the purpose of this work, we will set ℜ(z) = 0 and ℑ(z) = x ∈ (0, 1) and hence the formula (2.1) specialized to our case 2) which is well defined for ℜ(s) < 1 and can be extended to the entire complex plane by analytic continuation.
In fact for s = 1 + ε, formula (2.2) reduces, as ε → 0, to
and by exploiting the fact that Li 0 (w) = w/(1 − w) we recover the simple pole of the Hurwitz zeta function with the correct residue. On the other hand, for s = n + 1 with n ∈ N 0 , the simple pole of the gamma function in (2.2) does not translate into a pole in ζ H (s, ix) as one should expect thanks to the following relation satisfied by the polylogarithmic functions [8] Li −n (w)
By rewriting i ±s in terms of trigonometric functions, equation (2.2) can be cast into the form
where we have defined, for convenience, the following functions
and For this purpose, we notice that for x < 1, which is within the assumptions of our work, the function 
where ζ R (s) represents the Riemann zeta function. The only contribution to the imaginary part of (2.7)
comes from the first term, and it is not very difficult to obtain the decomposition
8)
The results derived above can be utilized, together with the general formula (2.5), in order to obtain expressions for the real and imaginary part of ζ H (s, ix), namely
Starting from the formulas above we can write down an expression for the real and imaginary part of
In fact, by differentiating (2.11) and (2.12) and by using the explicit form of ℑF(s, x) and ℑG(s, x) in (2.9) one gets
and a similar expression for the imaginary part
where Ψ(n) represents the logarithmic derivative of the gamma function and the prime denotes differentiation with respect to s. The derivative ℜF ′ (s, x) in (2.13) can be found to have the form 15) where the apex in the polylogarithmic function indicates differentiation with respect to its order. Obviously, a similar formula for ℜG ′ (s, x) can be obtained by differentiating (2.10) and by using (2.15).
b. Semi-plane ℜ(s) ≥ 1. In this situation, the function Li 1−s (e 2πx ) is real when the variable x is real and the representation (2.5) is sufficient in order to immediately extract the real and imaginary part of ζ H (s, ix). An expression for the first derivative which is suitable in the region ℜ(s) ≥ 1 is obtained by differentiating (2.5), i.e.
The above expression will be the starting point for the computation of the real and imaginary part of ζ ′ H (s, ix) when s is a positive integer. A detailed analysis of this case is presented in section IV.
The formulas that we have obtained in this section are valid, in their respective ranges of s, for |x| < 1 and are written in terms of simpler transcendental functions, namely the Riemann and the polylogarithmic function and their derivative. The series representations that we have exploited are quickly convergent and make the above expressions somewhat suitable for a numerical implementation. Let us point out, however, that more explicit formulas can be obtained if we consider integer values of s. In the next section we will focus our attention, in particular, to the case when the argument s assumes all integer negative values.
In order to consider the case when s = −n, with n ∈ N 0 , we will utilize the results obtained in section II valid for ℜ(s) < 1. It is convenient to first prove two results concerning the functions F(s, x) and G(s, x).
These will be useful later on for the analysis of the first derivative of ζ H (s, ix). To this end we have the following: Lemma 1. Let s = −n + ε with n ∈ N 0 and ε > 0. For x ∈ (0, 1), in the limit as ε → 0 one has the behaviors
2)
and
where H n denote the harmonic numbers defined as
Proof. The proof of the above result is based on a direct computation. By utilizing the Taylor expansion
it is not difficult to obtain the following behavior for the first term of ℜF(s, x) as ε → 0
where we have kept the term of order ε because it will be used later in the analysis of the derivative. The only term requiring special treatment in the series appearing in (2.9) is the one for which the argument of the Riemann zeta function approaches 1. By isolating that particular term one has the expansion
where γ denotes the Euler-Mascheroni constant. The last term to consider is the polylogarithmic function in (2.9). By utilizing the representation (2.7) the following result can be obtained [8] Li 1+n−ε e −2πx = (−1) It is instructive to verify that the results of the above lemma indeed reproduce for all negative integer s the following well known relation involving the Bernoulli polynomials [16] 
For this purpose, let us consider negative even integers, namely n = 2m with m ∈ N 0 . By applying the results of lemma 1 to the relation (2.11) we have
Lemma 1 with n = 2m applied to (2.12) gives, instead, 
In a completely analogous way, we can obtain similar results for negative odd integers. In fact, by applying lemma 1 with s = −2m − 1, m ∈ N 0 , and the remark in (3.12), to (2.11) and (2.12) we are led to the results
It is not very difficult to show that the expressions obtained in (3.10), (3.11), (3.13) and (3.14) are in complete agreement with the relation (3.9) once its real and imaginary part are extracted.
Let us now turn our attention to the analysis of the first derivative of ζ H (s, ix), in (2.13) and (2.14), for negative integer values of s. In order to study this case the following lemma will be useful:
Lemma 2. Let s = −n + ε with n ∈ N 0 and ε > 0. In the limit as ε → 0 one has the behaviors
which hold for x ∈ (0, 1).
Proof. The proof is based on the expansion of (2.15) in the neighborhood of s = −n. By exploiting the Laurent series in (3.6) and [16] 2π sin 2π(ε − n)
one obtains, for the terms in the first line of (2.15), the expansion
For the series containing the derivative of the Riemann zeta function in (2.15) we have the behavior
where γ 1 denotes the first Stieltjes constant. The last term to take into account is the derivative of the polylogarithmic function in (2.15). By differentiating the representation (2.7) (with the sign of the exponent changed) one readily has
In a neighborhood of s = −n, one can expand the first term of the previous expression to obtain
By exploiting the expansion for the derivative of the Riemann zeta function we finally get
By using the results obtained in (3.18), (3.19) and (3.22) in the expression (2.15) we arrive at the claim (3.15). The second claim, namely (3.16), can be easily proved along the same lines by noticing that
The above lemma allows us to compute the real and imaginary part of the derivative of the Hurwitz zeta function ζ H (s, ix) for all negative integers. Let us consider, first, the even integers n = 2m with m ∈ N 0 . From equation (2.13) we can easily see that terms proportional to sin(sπ/2) do not contribute to ℜζ H (−2m, ix). 24) which can be derived from (2.12) and (2.10), we arrive at the following expression
By noticing that for all
In addition, by utilizing the result (3.16) of lemma 2 and the relation (3.24) we obtain, for the imaginary part of the derivative of ζ H (s, ix) at negative even integers, from (2.14), the formula
Let us discuss next the case of odd negative integers s = −2m − 1, with m ∈ N 0 . First, we notice that by using (2.11) we get the following relation valid for all m ∈ N 0
The result (3.15) together with the remark (3.27) leads us to the expression
A similar result for the imaginary part at s = −2m − 1 can be found by noticing that the terms proportional to cos(sπ/2) do not contribute and that for m ∈ N 0
which is obtained from (2.10) and (2.11). The last remarks allow us to derive Lemma 3. Let s = n + ε with n ∈ N and ε > 0. Then as ε → 0, we have
Proof. By differentiating (2.7) with respect to the variable s and by subsequently setting s = n we obtain the following expression
In addition, directly from equation (3.20), we have
From the results in (4.3) and (4.4) it is straightforward to prove the claims (4.1) and (4.2) by using the relations 5) which are obtained by differentiation of (2.6).
Let us consider even positive integers s = 2m with m ∈ N. For ε → 0, we have the following expansion for the terms proportional to F(s, x) and G(s, x) in (2.5)
By noticing that for s = 2m the relation (2.4) quickly leads to G(2m, x) = 0, the last two results, together with (2.5), provide us with the formula
From the last expression, we can easily compute the real and imaginary part of ζ H (2m, ix) by making use of (4.2) in lemma 3. More explicitly, we obtain, for 0 < x < 1,
We would like to point out that when s = n with n ∈ N, F(s, x) and G(s, x) can be written, for 0 < w < 1, in terms of elementary functions due to the following relation enjoyed by the polylogarithmic function [22] Li −n (w) 11) where the numerical coefficients appearing in the sum are the Eulerian numbers defined as [6] 
We can proceed in a similar way in order analyze the case when s = 2m + 1 with m ∈ N, without considering s = 1 where the Hurwitz zeta function presents a simple pole with residue one. In this situation
we have the expansions
and 14) which, supplemented with the condition F(2m + 1, x) = 0 for m ∈ N, allow us to obtain, from (2.5), the
By exploiting the result (4.1) of lemma 3 to evaluate F ′ (2m + 1, x), it is not very difficult to extract the real and imaginary part of (4.15). In more detail one has, for 0 < x < 1, 16) and
Let us focus next on the study of the real and imaginary part of the derivative of ζ H (s, ix). For this purpose, it is useful to prove the following result:
Lemma 4. Let s = n + ε with n ∈ N and ε > 0. Then as ε → 0, we have 19) which hold for x ∈ (0, 1).
Proof. By differentiating (2.7) twice with respect to s and by then setting s = n we arrive at the expression
Analogously, the first derivative of (3.20) leads, for positive integer values of s, to
The last two expressions for the second derivative of the polylogarithmic function are sufficient in order to arrive at the claims (4.18) and (4.19) once we use them in the equations 
In order to obtain an explicit expression for F ′ (2m, x), G ′ (2m, x) and G ′′ (2m, x) we use (4.1) and (4.2) from lemma 3 and the result (4.19) from lemma 4. By proceeding in this fashion and by using the relation (4.9)
we obtain the following result for the real part valid for 0 < x < 1
In a similar way, by using the formula (4.10), we have for the imaginary part In a similar way, the use of the relation (4.17) provides us with a formula for the imaginary part of (4.26).
In more detail one has, for 0 < x < 1, 
V. CONCLUDING REMARKS
In this work we have utilized Jonquière's representation of the Hurwitz zeta function in order to find expressions for the real and imaginary part of ζ H (s, ix) and its first derivative. We have then specialized the obtained results to the case of integer s, namely s ∈ Z\{1}, where explicit formulas, which involve polylogarithmic functions and the Riemann zeta function, have been presented. The expressions that we have found can be directly applied to the computation of the production rate of particles and anti-particles in strong electric fields in the setting of a higher-dimensional Minkowski spacetime (see e.g. [4] ). A further application of the results obtained in this work can be found in the analysis of the one-loop partition function and Casimir energy for scalar fields at finite temperature and chemical potential. The high temperature expansion of these quantities explicitly depends on the Hurwitz zeta function of imaginary second argument evaluated at integer points (see e.g. [7, 19, 20] ).
In general, these results could find applications to the analysis of the Schwinger mechanism in more general settings. This would include cases when the relevant one-loop effective action contains the Hurwitz zeta function of imaginary second argument and its derivative evaluated at specific integer points. More
